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ABSTRACT
Although fiber reinforced plastics (FRP) are now widely used in a range of stiruvchiral

ele, they are siill rarely used by civil enginesrs. The main
reasons for this are the complexities arising from the nature and sirveture of these maverialy
which affect their analysis and design procedures, This paper describer a now fineor swavic
and dynamic finite element analysis packoge (NSDFEM) suitable for the analysis of alf types
af strictures made of FRP. The package is alsu capable of modeling reinforeed concrege
sirwciures retrafied with FILP,

1 INTRODUCTION

Advanced composites or specifically Fiber reinforced plastics (FRP) laminates are being
increasingly used in structural applications. FRP compogites are generally made of filaments
{3 to 5 microns in diameter) bonded together using a resin matrix, The mechanical properties
of compasites vary significantly with the type and orientation of the constituent resins and
fibers [1]. The recent advancements in the ficld of advanced composites showed that these
new materials have good potential for application in new construction or in the repair of
concréle struciures in areas  where conventional materizls fail 1o produce satisfactory
performance andfor are known to have limited service [ife [2). To date, however, advanced
composites have been rarely used in civil engineening structures. The reason For this has been
mainly their high cost and lack of familiarity of civil engineers with their properties,
manufacturing lechniques and mezhods of analysis [3]. The high initial cost of FREP materials is
otfseted by their maintenance free performance which also includes the economic, social of

even political costs when deterioration of conventional structures occur,

The analysis of FRP sections is normally based on the layered approach which desls with the
FRP a5 lammunated composites where each lamina has a different orientation of fibers [4]. Firite
element programs can be used for predicting the response of structures made of FRP sections
[5 and ). However, each of these programs is fimited 1o a specific problem. There is a need
for 8n accurale and general package for the analysis and design of the structures made o
retrofitted with FRE.
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The main objective of this paper is to present & non-linear static and dynamic firite elemen
analysis technique {NSDFEM) capable of analyzing frames, slabs and shells made with FRP
This technique can also model the cases which utilize FRP compasites for the rehabilitation
end retrofitting of the concrete structures. The cases under consideration involve Aexure and
shear sirengthening due 10 eracking of concrete or for increasing the load CRITying capacities
of the structure, a5 well ns the cascs where FRP composites are used s reinforcement

For the purpose of strengihening reinforced concrete structures, the FRP laminates are
attached to the struclure in question by epoxy resin {see Figure 1), The whole section is
considered to be n layered system representing the combined responses of the non-linear
bebavior of concrele in compression, concrele in tension, &5 well as reinforcing steel  The
analysis of such laminated construction is camied out using an efficient direct iterasive
procedure which incorporates the material non-linearity, cracking, lension stiffening and
compression sofiening of concrele.  Inorder 1o predict both of static and dynamic rESpomnses
of the strucwure accurately, a realistic mathematical modeling of the material behavior, as well
a5 rational aEsumplions, wers adopred,

I THEOQRETICAL FORMULATION FOR FRP LAMINATES

2.1 Force Deformation Relationship

The thin plate shown in Figure 2 (a) is considerad 10 be subjected 1o inplane forees My, Ny,
N.-,., and to moments My, My, Mg, The forces and moments are stress and moment
resultants specified per unit length of the plate. 1t is assumed that the plate is compased of a
stack of anisotropic leminas fully bonded at their interfaces a5 shown in Figure Z (k). Since
the laminas have different properties, the middle surface of the plate is not an axis of
symmetry. According to these assumptions, the force-deformations relationship may be
WTIHER as

(NY| [{A] [B]] [(e.)
= (n
(M)] 1B} [D]f [(K)

where (£} are the tolal extentional and shear strains of the middle plane of the plate, and {K)
is the vector of its bending and twisting curvatures, The matrices [A], [D] and [B] are the
membrane, bending and coupling stiffvess matrices. The elements of these matrices depend on
the geometric and material propertics of the laminas [7].
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For a composite plate composed of n layers, with laming k located 2t a distance 2y from the
middle plane of the plate and assuming z 10 be positive upward (see Figure 2 b}, the dlements
of matrices [A], [D] and [B] are given by

A= .:I {ﬁu}t [Zi- 2k {2 a)
Ei,%‘f (@) [z~ @b
D33 @ [2-2.) (2c)

where (i =] =1, 2, &) and the quantities Qy; are material properties. The full derivation of the
individual elements of the [A], [D] and [B] matrices is detailed elsewhere [4)

Equations (1 and 2) are of & general nature and are applicable to bars, beams, panels, plates
and shells made of FRP laminates  The metrax [B] implics that the membrane and bending
acuons in & general anissropic FRP composites are coupled. 1t i evident that such coupling
does nol exist for sections made of isotropic materials [2],

11 Types of Laminated Systems

LLI Symmetric Laminates

If & laminated sysiem has identical lamina of the same thickness, orientation and pasition
relative to the middle plane of the plate, then it is referred to as & symmeiric laminate (Figure
3.a). For symmeiric laminates, the middle planc is a plane of material symmetry and therefore
sub-matrix [B] in Equation (1) 15 null which means thar there is no bending-membrane
coupling.

2.1.2 Balanced Laminates

In the balanced laminate for every lamine with fibers oriented at angle above the middle plane,
there is & eorresponding lamine of equal thickness and material below the middle plane with
fiber orientation , but the position of the anti symmetric laminas from the middle plane is net
the necessarly same (Figure 3.b) In & balanced laminaied sysiem,. some lerms of the
membrane matrix [A] are zero and this means that there is no coupling between the inplane
exiensional and shear effects.

113 Quasi-Symmetric Laminates

It is a system in which there is symmetry with respect to thickness and position of the laminas
but anti-symmetry with respect 1o their orientation (Figore 3.c). In such laminates some terms
of the bending matrix [D] are zero which means that no coupling exists between the bending
and twisting effects
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2.2.4 Cross-Ply Laminates

In these laminates, all the lamina are oriented at 0 or 90 degrees (see Figure 3.d) Due to thas
configuration, the bending-twisting coupling vanishes in this laminated system

1.3 Strain Displacement Relations

For the thin plate element shown in Figure 2, 3t is astumed that it foliows the classical thin
plate behavior with small deformations [4], The strain-displacemnent relations [or this plate can
b written ag follows

{el=gg+z (K] (3)

Where ¢ = E:~E: and 'ﬁf; are the membrane {E:‘-E:} straing and shear strain [T:j

K = Ky, Ky #nd kyy are vectors for flexural and twisting curvatures,

in wiich S
g S
o o K
Exl law, 2 : Fw
eI i
T,,_-‘.. |.'T-"l.ln,-|--l.:?|'___.:,_ K":" z,ﬂ'zw
& & Ewdy

where us, v 2nd w are the displacement components in the x, y and z directions and the
superscript o refers 10 the middle plane.

Stressss Oy, Oy and Tyy in 2 lamina can be determined from the known sirains using

Ty @II EL: @IE Eyg
oy || T Q| |5 ®
Tay Qi Q¢ Qas Yoy

where the derivation of the elements of matrix [ ] are given elsswhere [2]. From the design
point of view, the stresses in the material coordinntes are of greater interest because these can
be compared with the allowable design stresses. Ashion ed al [4] described the iransformation
of coordinates 1o ihe material coordinate sysiem in detail.
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3 STATIC AND DYNAMIC FINITE ELEMENT FORMULATION
3.1 Strain Energy of Anisotropic FRP Laminates
The strain energy of anigotropic laminates can be written as

U= [T [o] av (6)

where v is the tolal volume of the system.
By substituting Equations 2.4 and 5 into Equation (8), the sirain energy can be written in
terms of the surface ares as follows;

(e]]" [ta1 (81] [le,
U-EJ ds {7
w1 e o) K

where 5 is the surface area of the laminated system.
o -
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The final form of Equation (8) can be obisined by substituting Equation (4) into Equation (5) [5].

3.2 Work Equivalent Loads
The potential of the applied loads W acting on an element is represented by

We[ [pes + 5, v o 5y wh

R
¥

. t [ﬁﬁu*ﬁﬁ,v+ﬁFW- ﬁpwh -ﬁr[wr—%]]dx

where  p, | |_:I, i 1_5': are applied reference surface tractions in the x |, y and z directions
respectively, The applied forces ]Tr., _ﬁu ele. and moments ﬁ, -ﬁr ele, are the

components acting on the edges of the layers and are positive when they act in the same
direction as the force and moment resuliants shown in Figure (2).
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33 Kinetic Energy Formulations

The kinetic epergy of 8 element can be expressed as

e oot afsi o) it i o oo

b=

' where differentiation with respect to time is represented by s dot. In Equation (107, Q. J. 2nd |
4 are ingnin consiants defined by
d
[Q.J,I]=f[!,1.f]p{z]|d1 (1
=4

piz) is the mass density of the element and may be & step funclion through the
thickness in order 1o sccount for the transverse heterogeneity of the layers Note thal G is
associsted with the translatory inertis terms and | with the rotary nertin contributions; J 15
associated with coupling between translatory and rotary mertia  and vaniches for balanced

laminated section for which d = %t.

3.4 Finite Element Discritization

{a) HBeams and Frames

In order be show the effect of anisotropy in beams and frames, the governing uncoupled
Equations (12 and 13)of & beam subjected to a lateral load yix) and axial Toad Plx)is

considered (see Figure 4).
Fi
e I qlxh _ 1 dplx) (12}
d D B
dug _ _alx) _ 1 dpix)
Tl B 3

where un,andwm&ﬁdandhﬂrﬂdhphcuwunfthehumﬂwxisam&meﬂmgﬂnuﬁ
of theleam, A, Band D are rigidities similar to those given by Equation (2). 1t can be seen that the
governing  equation of membrane is third order unlike the comresponding second order equation for
isotropic beam. Tt can be noticed also that an mdal force produces lateral displacemen and vice
versa This is the coupling effect which was reported in sections 2.1 and 2.2,

For frame members , the sfiffiess matrix is based on a linear displacement function for
extension and a cubic function for lateral displacement due 10 bending.
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Figure 4 Typical laminated FRP beam

18} Shell element

(b} Plate element

Figure 5 A high precision laminated element
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(b} Plates and Shells

Most ERP larminated composite structures are in the form of panels, plates and shells

The pliste and cyhindncal shell elements aze shown in Figure {5} The displacement components
u . v and w are approximated by the assumed displacement patierns These agumid
displacement patierns are represented by the sum of products of one-dimensional first-order
interpolation  polynomials and undetermined nodal coefficients. The reference surface
displacement u of an FRP laminated cylindncal shell element is given as an cxample wnl i
represented by

e
utx,y)=3 3 [HG00 HG) uy + Bl HE) ug)
]

(14)
+ HB) H%wd u gy + HONG) HGY) w )
where , for example i = u e=x, =y~ IT.EIj} are the nodal displacements and
S 1 8
Uy = E{Iﬂii,}rjj=[ﬁﬂj}= EE{xFﬁi.E=Ej] (15)

are the derivatives of u in the circumferential direction at the node poims. Similar expressions
are weed for u |, v, and w, and detailed elsewhere [8].

The H{l}{x) are the one-dimensional first-order interpolation palynomials given by

Hlx) = (' 3acd<a’) e, Hx) = —(2x"-2ax®) s iié)

HYx) = (" -2ax? +a?x) fa?; Hi(x) = (et -ax?) fa?
where & is the length of the element in the x direction, Corresponding expressions for the y
direction are ebtained by replacing x by yg and a by b, where

¥=¥. b,=h for the plate
and
¥, =R, 0.b =R (A8) for the cylinder
The subscript s indicates that the lengths are measured on the appropriate reference surface.

4 LAMINATED IDEALIZATION OF RETROFITTING REINFORCED CONCRETE
STRUCTURES

The analysis of reinforced concrete structures considering the material non-linearity of
concrete can be carried out by assuming that the compression zone of & cross-section can be
modeled by & rumber of layers (laminas), each lamina iz assumed 10 have constan average
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stress distribution olMained from the stress- strain relationship of concrede in compression
{Figure &), and corresponding to the level of strain of the lamina under consideration.

Subsequently, the elastic constant for each lamina in 2 given element under specified load level
can be assemed 1o be the secant modulus at the corresponding level of sirain of the lamina.
The tension zone of the cross-section can also be modeled in & similar procedure considering
the stress- strain relationships of concrete in tension, in addition 1o the tension stiffening of
cracked concrete, Mote that sieel reinforcement can be considered as one of the laminas of the
developed laminated construction. When the analysis is carried out for the cases of
rehabilustion of reinforced concrete siructures by FRP  composites, such compasite
construction can alsg be considered as another lamina of the laminated system, (see Figure 7).

5. NON-LINEAR ANALYSIS FOR R.C STRUCTURES RETROFITTED WITH FRP
LAMINATES

The nonlinear structural response of the retrefitted reinforced concrete structures in question
is carried out using an efficient direct iterative procedure. A sample of the iterative method
used in the non-linear analysis of strengihened R.C. frame is given by the flow chart shewn in
Figure {8).

6 CONCLUDING REMARKS

The NSDFEM finite element package was demonsirated 1o be developed especialky for the
analysis of anisotropic FRP laminates. The formulation for both FRP laminates and reinforced
concrete sections strengihened with FRP was incorporated in the program. The frame, plate
and shell elements used in the program were chosen to be high precision elements in order to
predict the response of structures in question accurately, NSDFEM carries out nonlinear
analysis problems incrementally using a direct iterative method.

It is clear that the heterogeneity of the section and anisotropy of the laminas have a very
compiex influence en the static and dynamic response of concrete struciures strengthened with
FRP. But with the aid of a numerical tool as NSDFEM, the analyst has the ability o
convenenly and effectively quantify this interesting material and structural behavior,

[t is hoped that in the future, FRP composites may become more widely used either on ther
own right of in the repair of existing structures,
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